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0 ifr<a
H(t —a) = (a > 0).
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The first shift theorem or the s-shift theorem Let £{f(z)} = F(s)fors > y.Then
the Laplace transform of e f(¢) is obtained from F(s) by replacing s by s —a,
where s — a > y. Thus,

L{e" f(t)} = F(s —a) fors—a > y.
Conversely, the inverse transform

L~HF(s —a)} = e f(1).

Examples:
Ll ") ! fors > 0
e =
(5 — ﬂ)n+l
L{e" cos bt} = s —4a) fors > a

(s —a)” + 1]
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The second shift theorem or the 7-shift theorem Let £L{f(¢)} = F(s). Then
L{H(t —a)f(t —a)} =e “F(s)
and, conversely,

L He ™ F(s)} = H(t —a) f(t — a).
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Solve the initial value problem

v +3y +2y=H(t —m)sin2t with y(0)=1 and ' (0)=0

(p. 396 in the chapter you have on Brightspace)
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Solution Setting L{y(t)} = Y(s), transforming the differential equation, and in-
corporating the initial conditions as in Example 7.10 gives

e 7S
2 .
Y(s) — 3(sY(s)—1 2Y(s) = ,
SY(5) =5 +3(5Y(s) = 1) +2Y(5) = 5
or
) 36 ) Y(s) = s 434 2
(s"+35+2)Y(s) =5+ +52+4

As 52 +3s +2 = (s + 1)(s + 2), this last result can be written in the form

s+ 3 n 2e 7S
G+DE+2)  GZHHGE+ D6 +2)

Y(s) =

Ss+1 4s+2 20s2+4 20s2+4

Y(s) =

s+1 s+2

2 1 _H(Z'l 11 ) 3 s )
+ e .
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2 1 B 2 1 1 1 1 2 3 s
Y(s) = _ Pl P _ |
s+1 s+2 S5s+1 4s+2 205244 20s2+4
y(it)=2e"'—e* + H(t — )
YA 2 1 1 3
1§ X (ge_“_”} — Ze_z“_?” -39 sin2(t — ) — 55 €08 2(t — n))

0.8 F
0.6 |

0.4 F

02 F

oF 2 4 6J \JO 12\/14 f

0.2

0.4

FIGURE 7.11 The solution y(t) showing the influence of the
forcing function after t = 7.
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The convolution operation

Let the functions f(7) and g(¢z) be defined for t > 0. Then the convolution

of the functions f and g denoted by ( f * g)(7), and in abbreviated form by
(f * g).1s defined as the integral

(f*g)(t) = for f(r)g(t — t)dr.

(f *g)(1) = (g * f)(1).
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Find (#* % cost) and (cost * t*) and hence confirm the equality of these two convo-
[ution operations. Compare the effort required in each case.

We have

i
(t* % cost) = f t2cos(t — 1)dt
0

I
=[ 7°[cost cos T + sintsin T]dt
0

t f

= cosrf 2 cos rdr+sim‘f r?sintdr
0 0

= 2(t —sint).

Similarly,

t
(cost %) = f cos T(t — 7)%dt
0

t f f
— 52] costdt — 21‘/ TCOSTdT +[ 2 costdr
0 0 0

= 2(t —sint).
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The convolution theorem Let £{f(1)} = F(s) and L£{g(t)} = G(s). Then

L{(f *g)@)} = F(s)G(s)

or, equivalently,

ol | F()elt - )t | = F6)G().

Conversely,

L~YF(s)G(s)} = f f(r)g(t —t)dr.
0



The convolution product (example 2)
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(a) L{r*> x cost}and (b) L~ s/(s* + a*)*}.

(a) L£{r*} =2/s" and L{cost} =s/(s* +a?), so

) B ) B 2s
L{t= xcost} = L{t"} L{cost} = CEvOk
(b) 0y 1 S
(52 +{12)2 _ (52 +H2) (SZ —|—{12)
F(s) = — d G(s) = ——
(s) = 2t ad) an (s) = 2t )

LY F(s)} = (1/a)sin at LY G(s)}=cos at
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L7 Ys/(s* +a*)’} = (1/a)(sinat * cosat)

1 [
= —] sinat cosa(t — 1)dr
aJo

|
= —tsinat,
2a
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Solve the initial value problem

V' +4y 413y =2¢sin3r with y(0)=1 and y'(0)=0

ve(t) = e (Cy cos 3t + G sin 3¢)

| 6
2 : : —
s2Y(s) — 5 +4(sY(s) — 1)+13Y(S)—52+45+13
s +4 6
Y(s) = s2 4+4s + 13 + (s +4s + 13)?
s 42 2 3 6
Y(s) = 3
(S) (S_|_2)2_|_32 + 3(5_|_2)2_|_32 + [(5+2)2_|_32]2
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s+ 2 2 3 6
YO =72 T367 222 T G121 7

2 e
y(t) = e [cos 3t 4 3 sin 3:} + L£7H6/[(s +2)* + 37

6 2 3 3
(5 +2)2+3 3 ((s+2)2+32) ((ar+2)2 +32)

| ) 2 . .
L7H6/[(s +2)* + 37 = i(e_zj‘ sin 3¢ x e sin 3¢)

2 1
3 f e 2T sin3te 2"V sin3(r — 1)dt
S Jo
2 2t ! . .
= —e - sin37rsin3(r — t)drt

0

e .
— —¢ | =sin3t — =tcos 3t |.
6 2

LI D L)
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Substituting this resultin the expression for y(7) shows that the solution of the initial
value problem is

. 7 1
y(t) =e ™ (cos 3t + 5 sin 3¢ — ?" COS 31‘) ., fort =0
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The delta function located at r = @ and denoted by §(f — a) is defined as the
[imit

5(t —a) = E%[H(: —a)— H(t —a—h)].

YA y(t)y=(1/h)[H(t - a) - H(i —a— h)]

Filtering property ) 7_Z
I
I
I
I

Loo f(t);ﬁ(t — ﬂ)df = f(ﬂ) / Area=h(1/h)=1

(see p.411 for a proof)

~Y

|
I
|
|
I
|
0 a a+h

FIGURE 7.15 4(fr —a) = limp—g y(1).



The Dirac delta “function”
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e —an = [ " e8( — a)dr

0

LG5(t—a))=e".
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Solve the initial value problem

y” _|_ 3};! _|— 2}” — S(f — 1) — 8(f — 2) Wlth }*’(0) = _}’J(O) = 0 (p412)

(2435 +2)Y(s) =e* —e %, L5t —a)) =e™ ™.
Y( ) —e —2s E?_S . E?_ZS e — 3—23
§S) = —
52+35—|—2 s + 1 s+ 2

y(t)= H(t — 1)[e' ™" —e*™ 2] — H(t = 2)[e*™" — &* ).

\\

L He ™ F(s)) = H(t —a) f(t — a).
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